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The aim of this paper is to study slant curves of three-dimensional f -Kenmotsu manifolds.
These curves are characterized through the scalar product between the normal at the
curve and the Reeb vector field. The classification of slant curves in the hyperbolic three-
dimensional space is provided as well as some remarkable cases. Slant curves with proper
mean curvature vector field are characterized.
© 2012 Elsevier Inc. All rights reserved.
0. Introduction
One of the fruitful notions of classical differential geometry of curves is that of a curve of constant slope. Also called a
cylindrical helix, this is a curve in the Euclidean space E3 for which the tangent vector field makes a constant angle with
a fixed direction called the axis of the curve; the second name is due to the fact that there exists a cylinder on which the
curve moves in such a way as to cut each ruling at a constant angle. The well-known characterization of these curves is the
Bertrand–Lancret–de Saint Venant Theorem [1]: the curve γ in E3 is of constant slope if and only if the ratio of torsion and
curvature is constant. Then, for a cylindrical helix we have the Lancret invariant:
Lancret(γ ) = τ
κ
. (1)
A very interesting generalization of this object is that of slant curve in almost contact metric geometry and it was
introduced in [2], in the three-dimensional case, with the slant angle θ between the tangent and the structural vector field. In
the particular case cos θ = 0we recover the Legendre curves of [3]. For slant curves in three-dimensional Sasakianmanifolds
we have, from Theorem 3.1 of [2, p. 362]:
Lancret(γ ) = τ ± 1
κ
. (2)
Although the bibliography in Legendre curves is very rich [4–11], slant curves have been studied until now only in
Sasakian geometry in [2] and contact pseudo-Hermitian geometry in [12]. Therefore, the purpose of this paper is to begin
a study of slant curves in another important class of almost contact manifolds introduced by Kenmotsu in 1972. More
precisely, we consider the most general case of Kenmotsu geometry, defined by a smooth strictly positive function on the
given manifold.
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Our work is structured as follows. The first section is a very brief review of Kenmotsu geometry and Frenet curves
in general Riemannian geometry. The next section is devoted to the study of slant (particularly Legendre) curves in this
generalized framework of f -Kenmotsu manifolds. Thus, we obtain a characterization of slant curves similar to Proposition
3.1 of [2, p. 362] and a Lancret invariant is derived only for Legendre curves in (f ≡ constant =)β-Kenmotsu manifold. Our
Lancret expression is more complicated involving, in addition to curvature and torsion, a square root and the derivative of
the curvature along the curve. An example of a slant curve is included for the β-Kenmotsumanifold of warped product type.
A special attention is paid to the hyperbolic space H3(−1)with its canonical Kenmotsu structure.
1. f -Kenmotsu manifolds and Frenet curves
LetM be a smooth (2n+ 1)-dimensional manifold endowed with an almost contact metric structure (ϕ, ξ, η, g):
ϕ2 = −I + η ⊗ ξ, η(ξ) = 1, η ◦ ϕ = 0,
ϕ(ξ) = 0, η(X) = g(X, ξ), g(ϕX, ϕY ) = g(X, Y )− η(X)η(Y ), (3)
for any vector fields X, Y ∈ X(M) where I is the identity of the tangent bundle TM, ϕ is a tensor field of (1, 1)-type, η is a
1-form, ξ is a vector field and g is a metric (Riemannian) tensor field. Throughout the paper all objects are differentiable of
class C∞.
A classification result in almost contact metric geometry is due to Tanno, [13]:
Theorem A. Let M be a connected almost contact metric manifold of dimension 2n + 1. Then the maximum dimension of the
automorphism group of M is (n + 1)2 and this maximum is attained if and only if the sectional curvatures of planes containing
the Reeb vector field ξ is a constant c. Then M is one of the following spaces:
(1) a homogeneous Sasaki space form if c > 0,
(2) a global Riemannian product of a line or a circle with a complex space form if c = 0,
(3) the warped product R×ρ Cn with ρ(t) = exp(√−c t) if c < 0.
In this paper we are interested in the third case from the slant curve point of view.
We say that (M, ϕ, ξ, η, g) is an f -Kenmotsu manifold if the Levi-Civita connection ∇ of g satisfies [14, p. 2]:
(∇Xϕ)(Y ) = f (g(ϕX, Y )ξ − ϕ(X)η(Y )), (4)
where f ∈ C∞(M) is strictly positive and df ∧η = 0 holds (for n ≥ 2). If f is equal to a constant β > 0, we get a β-Kenmotsu
manifoldwith the particular case β = 1 when the manifold is usually known as a Kenmotsu manifold, [15].
In a f -Kenmotsu manifold we have, [14, p. 3]:
∇Xξ = f (X − η(X)ξ), (5)
for all X tangent toM , and hence
∇ξ ξ = 0 (6)
which means that the integral curves of ξ are geodesics for the metric g .
Example 1. We present now an example of a β-Kenmotsu (2n+ 1)-dimensional manifold: let K2n+1β := R2n+1 with global
coordinates (t, xi, yi), 1 ≤ i ≤ n and ξ = ∂
∂t , η = dt:
ϕ

∂
∂xi

= ∂
∂yi
, ϕ

∂
∂yi

= − ∂
∂xi
, ϕ

∂
∂t

= 0,
g = dt2 + exp(2βt)
n
i=1

(dxi)2 + (dyi)2 . (7)
It follows that our manifold is the warped product K2n+1β = R×ρ Cn with ρ(t) = exp(βt).
In the last part of this section we recall the notion of Frenet curve after [16, p. 164]; let r be an integer with 1 ≤ r ≤
m = dimM . The curve γ : I ⊆ R → M parametrized by the arc length s is called the r-Frenet curve on M if there exist r
orthonormal vector fields (E1 = γ ′, . . . , Er) along γ such that there exist positive smooth functions κ1, . . . , κr−1 of swith:
∇γ ′E1 = κ1E2,
∇γ ′E2 = −κ1E1 + κ2E3,
· · · · · · · · ·
∇γ ′Er = −κr−1Er−1.
(8)
The function kj is called the j-th curvature of γ . The curve γ is known as
(1) a geodesic if r = 1; then we get the well-known equation ∇γ ′γ ′ = 0,
(2) a circle if r = 2 and κ1 is a constant; then, we have: ∇γ ′E1 = κ1E2 together with ∇γ ′E2 = −κ1E1,
(3) a helix of order r if κ1, . . . , κr−1 are constants.
The Frenet curve γ is called non-geodesic if κ1 > 0 everywhere on I .
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2. Slant and Legendre curves in three-dimensional f -Kenmotsu manifolds
Fromnowonwe fix n = 1. Consider a Frenet curve γ and its Frenet framedenoted by (T = γ ′,N, B). The Frenet equations
(8) become:∇TT = κN,
∇TN = −κT + τB,
∇TB = −τN.
(9)
Definition. The contact angle of γ is the function θ : I → [0, 2π) given by:
cos θ(s) = g(T (s), ξ). (10)
γ is a slant curve (or more precisely θ-slant curve) if θ is a constant function, [2, p. 361]. In the particular case of θ ≡ π2 (or
3π
2 ), γ is called the Legendre curve, [3].
Example 2. Wemention the following examples:
(i) The integral curves of the Reeb vector field ξ are slant curves with θ ≡ 0.
(ii) The Legendre curves of a Kenmotsu manifold with N parallel to ξ are circles, [17]. In fact, a direct analysis of (9) for the
general case of f -Kenmotsu manifolds, gives that a Legendre curve with the above condition has: N = −ξ , κ = f |γ and
τ = 0. In particular, a Legendre curve in a β-Kenmotsu manifold is a circle.
(iii) The tangent vector field of a Legendre curve belongs to the contact distribution D := ker η. A remarkable fact of
1-Kenmotsu geometry in any dimension is that D defines a Riemannian foliation since it is integrable and any leaf
ofD is totally umbilical, its mean curvature vector is (−ξ) and has a natural Kähler structure.
In the following we suppose that γ is non-geodesic i.e. κ > 0 and then γ can not be an integral curve of ξ which means
θ ≠ 0, π .
A first result of this note is the following characterization of slant curves:
Proposition 1. The Frenet curve γ is a θ-slant curve if and only if, along γ the following relation holds:
η(N) = − f
κ
sin2 θ. (11)
Then a necessary condition for γ to be θ-slant is:
| sin θ | ≤ min

κ
f
, 1

. (12)
Proof. Let us take the covariant derivative in the relation (10) along γ :
0 = −θ ′ sin θ = g(κN, ξ)+ g(T , f (T − η(T )ξ)) = κη(N)+ f sin2 θ
which yields (11). The expression of ξ in the Frenet frame is:
ξ = (cos θ)T +

− f
κ
sin2 θ

N + η(B)B
and since ξ is a unitary vector field we get from this decomposition of ξ that:
1 = cos2 θ + f
2
κ2
sin4 θ + η(B)2
and then η(B)2 ≥ 0 implies | f
κ
sin θ | ≤ 1. This last equation together with | f
κ
sin2 θ | ≤ 1 given by (11) imply, since both f
and κ are strictly positive, that | sin θ | ≤ min

κ
f ,
κ
f , 1

. But we have either 1 ≤

κ
f ≤ κf , or 1 ≥

κ
f ≥ κf . Hence (12) is
proved. 
Remark 1. The decomposition of ξ in the Frenet frame of a slant curve is:
ξ = (cos θ)T +

− f
κ
sin2 θ

N +
 | sin θ |
κ

κ2 − f 2 sin2 θ

B (13)
and the equality | sin θ | =

κ
f implies η(N) = −1 (and then η(T ) = η(B) = 0) which means that cos θ = 0 and
| sin θ | = κf = 1. It follows that γ is a Legendre curve with N = −ξ and κ = f |γ as in Example 2(ii).
Remark 2. Suppose θ > 0. If we add the condition: N is parallel to ξ , as in [17], then N = λξ with λ ∈ C∞(M) satisfying
|λ(γ (s))| = 1 for all s ∈ I . The second Frenet equation reads: T (λ)ξ + λf (T − cos θξ) = −κT + τB and:
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(1) the component on N ∥ ξ yields: T (λ) = λf cos θ ,
(2) the component on B yields τ = 0,
(3) the component on T gives: λf = −κ and from |λ| = 1 we get κ = f|γ and λ = −1.
Returning to the above relation (1) we have cos θ = 0 i.e. γ is a Legendre curve discussed in Example 2(ii).
Remark 3. In [18, p. 155] is introduced the following notion: a non-geodesic curve is called a slant helix if the principal
normal lines of γ make a constant angle with a fixed direction. Therefore, a slant curve with κ ≡ constant ≠ 0 in a three-
dimensional β-Kenmotsu manifold is a slant helix with ξ as the fixed direction.
As a consequence an important result is obtained:
Theorem 1. Let γ be a non-geodesic θ-slant curve (θ ≠ 0, π) such that N is non-parallel to ξ . Then its torsion is:
τ = cot θ

κ2 − f 2 sin2 θ − κγ
′  f
κ

sin θ
κ2 − f 2 sin2 θ
. (14)
In particular, in a β-Kenmotsu manifold M the following statements hold:
1. a non-geodesic slant curve with N non-parallel to ξ and constant curvature κ has a constant torsion τ and so, is a helix of
order 3,
2. a Legendre curve with θ = π2 and N non-parallel to ξ has the torsion:
τ = βκ
′
κ

κ2 − β2 . (15)
In conclusion, a β-Kenmotsu manifold has the following Lancret invariant for Legendre curves with θ = π2 and N non-parallel to
ξ :
Lancret(γ ) = κτ

κ2 − β2
κ ′
. (16)
Proof. We take the covariant derivative in (11) and use again the Frenet equations and (11). From (15) we obtain that:
Lancret(γ ) = β . 
3. Classification of slant curves in the hyperbolic space H3
In the following we classify all θ-slant curves in the hyperbolic space H3(−1). The angle θ will be considered in the
interval (0, π).
First of all, let us point out that themanifoldK31 (see Example 1) has constant sectional curvature−1, and by changing the
t-coordinate, one can obtain the upper half spacemodel of the hyperbolic 3-space. More precisely, considering z = exp(−t)
one gets that (K31, g) is isometric to (H
3+, g−1)where H3+ = {(x, y, z) ∈ R3; z > 0} and
g−1 = 1z2

dx2 + dy2 + dz2 . (17)
In the following we describe all slant curves in the hyperbolic space H3 as the warped product K31 = R×ρ C described
in Example 1 with β = 1.
Theorem 2. Let γ be a θ-slant curve in K31. Then, γ is locally given, up to translations in K
3
1, by
γ (s) =

s cos θ, sin θ
 s
e−u cos θζ (u)du

(18)
where s ∈ I is the arc-length parameter of γ and ζ (u) = (cosα(u), sinα(u)), α ∈ C∞(I), is an arbitrary parametrization of the
circle S1. In particular, the Legendre curves of K31 are curves lying in the (xy)-plane.
Proof. It is easy to prove that the parametrization (18) furnishes a slant curve and θ is the constant angle. In order to prove
the converse, let γ be parametrized by arc-length as
γ (s) = (t(s), x(s), y(s)) .
Thus, we have t˙(s)2+e2t(s) x˙(s)2 + y˙(s)2 = 1, for all s ∈ I . Here x˙ represents the derivative of xwith respect to s, and so on.
Since the Reeb vector field is ξ = (1, 0, 0), the condition for γ to be θ-slant is written t˙(s) = cos θ . Therefore, up to a
translation along the t-axis, we get t(s) = s cos θ .
We immediately obtain x˙(s)2 + y˙(s)2 = e−2s cos θ sin2 θ . Subsequently, there exists a (smooth) function α such that
x˙(s) = e−s cos θ cosα(s) sin θ, y˙(s) = e−s cos θ sinα(s) sin θ.
Hence the conclusion. 
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Fig. 1. θ = π/3 and α(s) = constant (left), resp. α(s) = s (right).
Fig. 2. θ = π/3 and α(s) = s2 (left), resp. α(s) = s3 (right).
Easy computations yield
κ = sin θ

1+ α′(s)2, τ = ±

cos θα′(s)+ α
′′(s)
1+ α′(s)2

. (19)
For Legendre curves, we have
κ =

1+ α′(s)2, τ = ± α
′′(s)
1+ α′(s)2 . (20)
See also [19, Theorem 2.10].
Thus, particular situations could be interesting and we will draw some Euclidean pictures of them.
a We have κ = 0 if and only if θ ∈ {0, π}, and hence γ is a geodesic. More precisely, up to translations ofK31, it represents
the vertical axis Ot .
b If θ ∉ {0, π} then κ is constant if and only if α is an affine function α(s) = as+ b, with a, b ∈ R (see Fig. 1).
c In the general situation, namely θ ≠ 0, π and α is not an affine function, we draw (see Fig. 2):
We end this section with the following interesting result.
Proposition 2. Let γ be a Legendre Bertrand curve inH3, i.e. θ = π2 and there exist a, b ∈ R \ {0} such that aκ + bτ = 1. Then
the curvature κ is the (unique) solution of the equation
I(κ) = (s− s0)/b, s0 ∈ R
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where
I(κ) = − arctan 1√
κ2 − 1 −
a√
a2 − 1 arctan
κ − a√
a2 − 1√κ2 − 1 , for |a| > 1,
I(κ) = − arctan 1√
κ2 − 1 +

κ + 1
κ − 1 , for a = 1,
I(κ) = − arctan 1√
κ2 − 1 −

κ − 1
κ + 1 , for a = −1,
I(κ) = − arctan 1√
κ2 − 1 +
a√
1− a2 log

√
1− a2√κ2 − 1+ κ − a
1− aκ
 , for |a| < 1.
(21)
Proof. Since γ is Legendre we have τ = κ ′
κ
√
κ2−1
. The condition aκ + bτ = 1 becomes
κ ′
κ(1− aκ)√κ2 − 1 =
1
b
.
Integrating this ordinary differential equation, we get I(κ) = (s− s0)/b, where I(κ) is given by (21), depending of the values
of a. 
Remark 4. We can describe all Legendre Bertrand curves γ in the hyperbolic space K31 as follows: If κ is given as in
Proposition 2, then γ is given by
γ (s) =

0,

cos(α(s))ds,

sin(α(s))ds

,
with α(s) =  κ(s)2 − 1 ds.
4. Slant curves in H3 with proper mean curvature vector field
Let M be the warped product R×ρ R2, ρ ∈ C∞(R), and let γ be a slant curve in M , as before. Denote by h the second
fundamental form of γ and by H its mean curvature field. We know that
H = trace(h) = h(T , T ) = ∇TT . (22)
Then γ is called a curve with proper mean curvature vector field if there exists λ ∈ C∞(γ ) such that
∆H = λH. (23)
In particular, if λ = 0 then γ is known as a curve with harmonic mean curvature vector field. Here the Laplace operator∆ acts
on the vector valued function H and it is given by
∆H = −∇T∇T∇TT . (24)
Making use of Frenet equations, we can rewrite (23) as
− 3κ ′κ T + (κ ′′ − κ3 − κτ 2)N + (2κ ′τ + κτ ′) B = −λκN. (25)
It follows that both κ and τ are constants, and the function λ becomes a constant too, namely
λ = κ2 + τ 2 (26)
(see Theorem 1.1 in [20]).
As consequence, it follows that there is no θ-slant, non-geodesic curve in a three-dimensional manifold with harmonic
mean curvature vector field.
For our framework we state the following.
Proposition 3. A non-geodesic θ-slant curve in an f -Kenmotsu manifold has a proper mean curvature vector field if and only if
its curvature and torsion are constants and then
λ = κ
2
sin2 θ
− f 2 cos2 θ + f
′2 sin2 θ
κ2 − f 2 sin2 θ − 2f
′ cos θ. (27)
Proof. We compute λ of (23) by using (14) and (26). Let us point out that the formula (27) yields that a θ-slant curve with
proper mean curvature field has:
f 2 cos2 θ − f
′2 sin2 θ
κ2 − f 2 sin2 θ + 2f
′ cos θ = constant.  (28)
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Corollary 1. A Legendre curve in a f -Kenmotsu manifold has proper mean curvature vector field if and only if
(1) its curvature κ is a constant,
(2) there exists a constant µ such that f = κ sin(µs), s ∈

0, π2µ

.
Then τ = −µ and λ = κ2 + µ2.
Proof. The statement (1) follows from Proposition 3. Concerning (2) let us remark that from (28) we have that a Legendre
curve with proper mean curvature vector field fulfills f
′2
κ2−f 2 = constant . The last equation can be integrated; namely let
µ > 0 and from
f ′(s)ds
κ2 − f 2(s) = µ
we derive that f (s) = κ sin(µs) which is strictly positive for s ∈ (0, π2µ ); we use that κ is already constant. Returning to
(14) we get τ = −µ and then λ = κ2 + µ2. 
Theorem 3. Let γ be a θ-slant curve inK31 with proper mean curvature vector field. Then, γ is given, up to translations inK
3
1, by
γ (s) =

s cos θ,
sin θ e−s cos θ
a2 + cos2 θ (a sin(as)− cos θ cos(as),−a cos(as)− cos θ sin(as))

, (29)
where a is an arbitrary constant.
Proof. Since γ is a θ-slant curve, it can be parametrized as in Theorem 2. We know the curvature and the torsion from (19).
On the other hand, γ has proper mean curvature vector field, thus κ and τ should be constants. Therefore, α is an affine
function. A translation in the parameter s allows us to consider α(s) = as, with a ∈ R. Hence:
γ (s) =

s cos θ, sin θ
 s
e−u cos θ (cos(au), sin(au)) du

. (30)
Computing the integrals we get the conclusion.
Moreover, λ = a2 + sin2 θ . 
Remark 5. The Legendre curves with proper mean curvature vector field in H3 correspond to Euclidean circles in the (xy)-
plane, namely they may be parametrized as
γ (s) =

0,
1
a
sin(as),
1
a
(1− cos(as))

, a ≠ 0. (31)
Acknowledgments
The third author was supported by a grant of the Romanian National Authority for Scientific Research, CNCS-UEFISCDI,
project no. PN-II-RU-TE-2011-3-0017.
The authors thank the referee(s) for several useful remarks on this paper.
References
[1] M. Barros, General helices and a theorem of Lancret, Proc. Amer. Math. Soc. 125 (5) (1997) 1503–1509. MR1363411 (97g:53066).
[2] J.T. Cho, J.-I. Inoguchi, J.-E. Lee, On slant curves in Sasakian 3-manifolds, Bull. Austral. Math. Soc. 74 (3) (2006) 359–367. MR2273746 (2007g:53059).
[3] Ch. Baikoussis, D.E. Blair, On Legendre curves in contact 3-manifolds, Geom. Dedicata 49 (2) (1994) 135–142. MR1266269 (95a:53048).
[4] M. Belkhelfa, I.-E. Hirica, R. Rosca, L. Verstraelen, On Legendre curves in Riemannian and Lorentzian Sasaki spaces, Soochow J. Math. 28 (1) (2002)
81–91. MR1893607 (2003f:53063).
[5] D.E. Blair, F. Dillen, L. Verstraelen, L. Vrancken, Deformations of Legendre curves, Note Mat. 15 (1) (1997) 99–110. MR1611801 (99b:53076).
[6] C. Camci, Y. Yayli, H.H. Hacisalihoglu, On the characterization of spherical curves in 3-dimensional Sasakian spaces, J. Math. Anal. Appl. 342 (2) (2008)
1151–1159. MR2445265 (2009k:53097).
[7] D. Fetcu, Biharmonic Legendre curves in Sasakian space forms, J. Korean Math. Soc. 45 (2) (2008) 393–404. MR2389544 (2008m:53159).
[8] J.-E. Lee, On Legendre curves in contact pseudo-Hermitian 3-manifolds, Bull. Aust. Math. Soc. 81 (1) (2010) 156–164. MR2584930 (2011a:53096).
[9] K. Smoczyk, Closed Legendre geodesics in Sasaki manifolds, New York J. Math. 9 (2003) 23–47 (electronic). MR2016178 (2004j:53085).
[10] J. Welyczko, On Legendre curves in 3-dimensional normal almost contact metric manifolds, Soochow J. Math. 33 (4) (2007) 929–937. MR2404614
(2009d:53119).
[11] J. Welyczko, On Legendre curves in 3-dimensional normal almost paracontact metric manifolds, Results Math. 54 (3–4) (2009) 377–387. MR2534454
(2010g:53153).
[12] J.T. Cho, J.-E. Lee, Slant curves in contact pseudo-Hermitian 3-manifolds, Bull. Aust. Math. Soc. 78 (3) (2008) 383–396. MR2472274 (2009m:53135).
[13] S. Tanno, The automorphism groups of almost contact Riemannian manifolds, Tôhoku Math. J. 21 (2) (1969) 21–38. MR0242094 (39 #3428).
[14] V.Mangione,Harmonicmaps and stability on f -Kenmotsumanifolds, Internat. J.Math.Math. Sci. (2008) 7. Art. ID 798317.MR2377360 (2008m:53161).
[15] K. Kenmotsu, A class of almost contact Riemannian manifolds, Tôhoku Math. J. 24 (1972) 93–103. MR0319102 (47 #7648).
[16] D.E. Blair, Riemannian Geometry of Contact and Symplectic Manifolds, second ed., in: Progress in Mathematics, vol. 203, Birkhäuser Boston, Inc.,
Boston, MA, 2010, MR2682326 (2012d:53245).
C. Călin et al. / J. Math. Anal. Appl. 394 (2012) 400–407 407
[17] M.M. Tripathi, A note on certain Legendre curves in a Kenmotsu manifold, Ganita 51 (1) (2000) 57–58. MR1781561.
[18] S. Izumiya, N. Takeuchi, New special curves and developable surfaces, Turkish J. Math. 28 (2) (2004) 153–163. MR2062560 (2005e:53002).
[19] W. Kühnel, Differential Geometry Curves – Surfaces – Manifolds, second ed., in: Amer. Math. Soc., vol. 16, 2006.
[20] J. Inoguchi, Submanifolds with harmonic mean curvature vector field in contact 3-manifolds, Colloq. Math. 100 (2) (2004) 163–179. MR2107514
(2005h:53105).
